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ARTICLE INFO ABSTRACT
Keywords: In this paper, a detailed FDEM approach to simulate the mechanical and fracturing responses of
Finite-discrete element method heterogeneous geomaterials with irregular inclusions is systematically developed. The inclusion
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method

Fracture analysis

Interface effects

surface morphology is first obtained through 3D scanning techniques. A computational geometry
method, the curvature-weighted sphere Voronoi method (CWSVM), is adopted to control the
mesh quantity and quality and ensure the efficiency and accuracy of the FDEM numerical model.
A signed-distance-field-based discrete element method (SDF-DEM) is employed to approximate
the natural distribution and orientation of inclusions. Heterogeneous geomaterials with large
inclusion contents (such as 60% and 70%) are generated effectively and efficiently through this
approach. Next, to model the fracturing process, a finite discrete element method (FDEM) model
is developed by integrating cohesive elements into the mesh in a fast and efficient manner. In
addition, a combined constitutive model is proposed to consider the shear-hardening behaviour of
the cohesive elements. The proposed numerical approach is verified through comparison with
experimental results, including the shape of inclusions and mechanical responses of geomaterials.
The results demonstrate that both satisfactory precision and low calculation costs can be achieved
using the proposed algorithm. The consequent simulation performance is verified through com-
parisons of observations and numerical results with experimental results for failure patterns and
mechanical behaviours. In addition, the effects of the strength of the interfaces between the in-
clusions and matrix on the mechanical and fracturing characteristics of inclusion-containing
geomaterials are analysed quantitatively. The mechanical strength decreases rather than in-
creases with increasing content of inclusions when the interface strength is less than the matrix
strength.
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1. Introduction

Heterogeneous materials that contain irregular inclusions are frequently encountered in engineering activities [65,3]. With proper
treatment, heterogeneous materials provide useful and practical functionality. For instance, rock blocks mixed with clay soil can be
used as an effective material to construct pavement or railway substructures [33]. In geotechnical engineering, heterogeneous geo-
materials with irregular inclusions are found under various conditions, such as mine waste dumps, conglomerates of dam material
tailing, other conglomerates, glacial tills, track-bed materials, soil rock mixtures, rock fills, breccias and tectonic mélanges [33,40].
These common geomaterials are abundant and widely distributed in nature. The utilization of these useful materials has the potential
to save money and reduce energy consumption during engineering construction [69,68,50]. To realize this potential, it is essential to
understand the mechanical properties of heterogeneous geomaterials, which are dominated by internal structures and interactions
among the internal components. Thus, there has been much research on the physical and mechanical properties of heterogeneous
materials in recent decades.

Conventional geotechnical experiments have been conducted extensively to investigate quantitative relationships between me-
chanical properties and internal structure characteristics, i.e., inclusion contents, shapes, and gradations [37,66,62,3,64,31]. Despite
these research efforts, the micromechanical behaviours and failure characteristics of heterogeneous rocks cannot be explicitly
observed during conventional shearing or compression tests. The X-ray computed tomography (CT) technique offers a powerful so-
lution to investigate the deformation and failure characteristics of heterogeneous geomaterials [12,13]. By combining uniaxial and
triaxial compression tests, the damage evolution and fracturing mechanism of heterogeneous geomaterials with various internal
structures have been investigated using a CT procedure [37-38,44]. However, the scale of the specimens examined in CT experiments
has been quite limited, usually ranging from 10 mm to 50 mm [12,40]. In addition, CT experiments are costly, and the experimental
operations and digital image processing are complicated, which limits the applications of CT experiments in engineering projects.

With the advancement of computer science, numerical approaches have been developed rapidly in recent years. Such approaches
have become a practical and promising alternative or supplement to physical experiments. A considerable number of numerical in-
vestigations have been conducted to investigate the mesoscale mechanical responses and failure characteristics of heterogeneous
geomaterials using the finite element method (FEM) [65,65,15-16,16] extended finite element method (XFEM) (Belytschko and Black,
1999 [1]), discrete element method (DEM) [8,7,4,58,60], discontinuous deformation analysis (DDA) [9,24] and finite discrete element
method (FDEM) [47-50,29]. These methods can be used in combination with detailed reconstructions of stochastic internal structures
to conveniently and clearly show mesoscale mechanical and failure propagation processes in heterogeneous geomaterials.

Li et al. (2020) [14,18] combined the level set method (LSM) and permeability-based hydraulic fracturing (PHF) model with the
FEM to model the hydraulic fracturing characteristics of heterogeneous strata. Zhang et al. [63,65] (2021) considered the effects of
inserting spherical inclusions and systematically investigated the mesoscopic dynamic and static responses of heterogeneous materials
in two and three dimensions. Zhao et al. (2021) [67] extracted realistic inclusion contours from digital images of a disordered stratum
and established a framework to generate a numerical model of the stratum. The concept of an equivalent fracturing zone was defined to
trace failure propagation in these studies and applied as a classical solution for failure analysis using traditional FEM [65], Li et al.
(2020) [18]. Realistic discontinuous cracking behaviours cannot be modelled using the conventional FEM. The XFEM can successfully
address the numerical singularities across the cracks and discontinuities by coupling additional enriched functions to the standard FEM
(Wu et al., 2018) [42]. However, defining the enrichment of the approximation space can be quite challenging and problematic when
multiple cracks intersect, which limits the application of this approach in the study of the fracturing behaviours of heterogeneous
materials, particularly those with irregular inclusions.

In recent decades, DEM has been accepted as a prevalent and promising numerical method for simulating large and discontinuous
deformations. The failure process and mesoscale mechanical responses have been explicitly presented by searching, evaluating, and
updating bonded states among particles [8,6,27,28]. Gong et al. [7] (2019) used clumps of bonded tiny particles to model inclusions
with irregular shapes. In this way, the breakage of inclusions was modelled when the fracturing or strength criterion among the bonded
particles was reached. However, using many tiny particles significantly increased calculation costs. To address this limitation, Wang P
[32,35] et al. (2021) defined a new strategy to consider the breakage and failure characteristics in DEM, this strategy is called the ‘new
replacement model’. Multiple-scale failure, including grain breakage and bond breakage, can be simulated simultaneously through this
approach [59]. However, shape effects were not included in this methodology. In addition, the fine and coarse components of het-
erogeneous geomaterials are continuous and homogeneous individually in many cases. Therefore, the fully discrete and discontinuous
assumption may not be appropriate to characterize the intrinsic nature of geomaterials with irregular inclusions. The same dilemma
was encountered during DDA analysis [9,11].

The FDEM is a hybrid numerical approach that includes the characteristics of both continuity and discontinuity. Yan et al. con-
ducted systematic investigations on the thermal, hydraulic, and coupling fracturing behaviours of soil and rocks with stochastic initial
damage [49,51,52]. Recently, Yan developed and launched an FDEM program named ‘MultiFracS’ [53,54]. With appropriate
modelling, stochastic intersecting fractures were simulated efficiently and effectively through this FDEM program [55,43]. In addition,
the effects of disordered weak planes or interfaces of heterogeneous materials were modelled conveniently by introducing a zero-
thickness element [5,61,21-23]. Wei et al. [41] validated that failure patterns and characteristics of irregular particles can be accu-
rately simulated using the FDEM. Previous research results indicated that the FDEM is an effective tool to address continuous and
discontinuous deformations of heterogeneous geomaterials. Although FDEM models were extensively applied in the scientific liter-
ature, a limited number of examples efficiently replicated the microstructures of heterogeneous geomaterials, especially for those with
high contents of irregular inclusions. One critical problem was that the mesh quantity and quality of the FDEM were unsatisfactory
when many irregular inclusions were included. Modelling the interfaces and their fracturing behaviour among inclusions and matrices
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Fig. 1. Acquisition of the surface morphology of irregular inclusions using 3D laser scanning equipment.
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Fig. 2. Detailed strategy of the CWSVM.

was difficult. Therefore, the effects of the interface properties on the mechanical properties (such as cohesion and friction angle) and
fracturing characteristics were not systematically investigated [72,57].

To overcome the abovementioned limitations, this study establishes an approach to simulate heterogeneous geomaterials with
irregular inclusions. First, 3D scanning techniques are employed to obtain the inclusion surface morphology. Subsequently, a
computational geometry method, named the curvature-weighted sphere Voronoi method (CWSVM), is employed to refine the surface
morphology and control the mesh quantity and quality. Then, the signed-distance-field-based discrete element method (SDF-DEM) is
used to approximate the natural spatial distribution and orientation of inclusions. Notably, a large content of inclusions in hetero-
geneous geomaterials can be modelled with this approach. Next, to model the fracturing process and interface behaviour, an FDEM
model is developed by integrating cohesive elements into the mesh in a fast and efficient manner. In addition, a combined constitutive
model is proposed to consider the shear-hardening behaviour of the cohesive elements. Then, the developed FDEM model is verified by
comparison with experimental results that range from the shape characteristics of the inclusions to the mechanical behaviour of the
geomaterial. Finally, the effects of interface strength on the mechanical and fracturing behaviour of geomaterials are further inves-
tigated using the validated method.
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Fig. 3. Evolution of the surface of a particle during the CWSVM reconstruction process (a) and examples of reconstructed surfaces with different
numbers of sampling points (b).

2. Methodologies
2.1. Control mesh quantity and quality based on the CWSVM

(1) Acquisition of the surface morphology of irregular inclusions using 3D laser scanning

To obtain the surface morphology of irregular inclusions, a 3D laser scanning apparatus is employed to generate a high-density
point cloud of irregular inclusions, as shown in Fig. 1. Therefore, detailed shape characteristics of inclusion surfaces can be well
replicated. However, the raw point cloud is rather indeterminate and cluttered. The inclusion geometry that is obtained directly from
point clouds using Delaunay meshes is unsuitable for numerical analysis, as sharp corners and short edges would significantly increase
mesh quantity and degrade mesh quality. Thus, appropriate refinements must be conducted on the surface morphology so that nu-
merical analysis can be performed.

(2) CWSVM

As mentioned above, the accuracy, convergence, and efficiency of numerical simulations are notably affected by the mesh quantity
and quality. In previous research, the corners of inclusion morphologies had greater effects than flat regions on mechanical properties
[25,26]. Thus, in this study, it is inferred that calculation efficiency and accuracy can be balanced by considering corner regions in
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Fig. 4. Strategy of the SDF-DEM.

detail and flat regions relatively simplistically. To achieve this, a CWSVM method is originally developed to generate desired inclusion
geometry with limited points and meshes. The detailed strategy is presented in Fig. 2.

To proceed with the refinement process, first, the inclusion surface is continuously presented by the sphere harmonic (SH) function
[20]. For each point on a standard sphere surface (as shown in Fig. 2(a)), a corresponding projection point on the inclusion surface is
easily found through the SH function. Therefore, a series of seed points on block surfaces are selected based on randomly generated
points on a standard sphere. Then, the initial inclusion surface is generated using the Delaunay method, the density is controlled by the
total number of seed points. Next, the desired inclusion surface is obtained by making Delaunay triangles (i.e., seed points) intensive on
the corners (high curvature) and sparse on the flat regions (low curvature). To accomplish this task, a weighted index is introduced
based on point curvature, which is:

Eri

—H
ci = 1
it N-o M

whereE,; =1In(1/c;), ¢; is the maximum principal curvature of a seed point, and y and ¢ are the average and standard deviation of all E;
on block surfaces, respectively. N is the number of seed points.

As shown in Fig. 2(a), Voronoi cells have duality with Delaunay triangles. Each vertex (seed point) on the inclusion surfaces is the
centroid of a Voronoi cell. A Voronoi cell is formed by connecting the centroids of nearby Delaunay triangles. Similarly, the centroid of
a Delaunay triangle is a vertex of a Voronoi cell. Therefore, once the centroid of a Delaunay triangle is updated, the corresponding
centroid of the Voronoi cell (i.e., a vertex on the inclusion surface) also changes. To update vertices on the inclusion surface based on
curvature, the centroids of a Delaunay triangle are determined as follows:

dis(cdy, cdy,wer) = dis(cdy, cda, wep) = dis(cdy, cdz, wes) (2)

wherecdy,cd;,cd; and cds are the coordinates of the centroid and vertices of a Delaunay triangle (as shown in Fig. 2(a)),
respectively.w.1, wez and w,s are weighted indices of vertices; dis is the weighted distance function, given by:

diS(Cdo,Cdl,Wcl) = HCd() - Cd1||2 — Wei (3)

where the symbol || - || indicates the Euclidean distance.
After the weighted centroids of the Delaunay triangle are obtained, the updated centroid of the Voronoi cell is determined and
defined by:

‘aicd;
edy = % “@

where cdy represents the coordinates of the centroid of the Voronoi cell and cd; represents the vertex coordinates of the Voronoi cell. g;
is the triangle area, as shown in Fig. 2(a), which is calculated using the original centroid of the Voronoi cell as a reference.

Then, the vertex is updated to a new position. All vertices on the inclusion surface are updated following the same procedure. The
whole procedure is performed repeatedly until the original and updated centroids of the Voronoi cell are rather close. In this case, the
desired inclusion surface covered by curvature-weighted Delaunay triangles is obtained. The updating process is illustrated in Fig. 3(a).
The vertices are intensive at corners but sparse in flat regions, as expected. The reconstructed inclusion surface with various vertex
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Fig. 5. Heterogeneous geomaterials with various inclusion contents.

numbers is presented in Fig. 3(b). The inclusion shape characteristics are generally retained even with a small number of vertices. In
addition, the density of Delaunay triangles on the inclusion surface gently changes the following curvature for each case. Both the
quantity and quality of Delaunay triangles are well-controlled using the proposed method.

2.2. Generation of 3D heterogeneous specimens with controlled features using SDF-DEM

Allocating irregular inclusions in a specific region is a critical step for the generation of heterogeneous specimens. It is rather
difficult and time-consuming to create specimens with large contents of inclusions, even though some computational algorithms, such
as the lattice search algorithm [10] and the bounding box method [46,21], were developed to accelerate detection of overlap. To
develop a model that approximates the natural spatial distribution and orientations of block inclusions and accelerate the allocation
process, especially for specimens with many inclusions, a discrete element method-based numerical approach is first employed to
determine the positions of block inclusions. In particular, a signed-distance-field-based discrete element method (SDF-DEM) which is a
novel numerical method developed by our own [14] is combined organically in the proposed algorithm. Overlap detection and block
allocation strategy under SDF-DEM are briefly introduced in Fig. 4. As shown in Fig. 4, a signed distance field (SDF) inside particle A is
generated according to the radial distance from the query point to the particle surface. Since the particle surface has been continuously
presented using the SH function, the signed distance function is defined as follows:

F(X,) = r(0p,¢p) — || X,]| %)

where ||Xq || represents the radial distance from a query point to the centroid of particle A and r(Hp, ¢p) represents the radial distance

from a projection point of the query point on the particle surfaces to the centroid point, which is easily obtained from the SH function.

On this basis, the signed distance is positive inside particles and negative outside particles, and the zero value of the SDF represents
the particle surface. Therefore, the contact status and overlap between two particles are easily accomplished by checking the distance
signs of the surface nodes. The contact resolutions, including the contact geometric features and contact normal forces, are derived
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Fig. 6. Insertion method and structural characteristics of cohesive elements.

from the distance-potential-based energy-conserving contact theory in DEM, in which the linear-spring model with Coulomb’s law is
adopted. More details are provided by Lai et al. [13,14]. After resolving the contact status through SDF-DEM, the position of a new
particle is determined.

To generate a specimen with desired characteristics, a systematic procedure is designed to approach the natural structure of
heterogeneous geomaterials. The steps in the process are as follows.

Since the aspect ratio and roundness have great effects on the mechanical and fracturing responses of the heterogeneous materials,
the block morphology that has shape characteristics (i.e., aspect ratio and roundness) similar to the target objects should be obtained
first for accurate modeling.

Taking a cylindrical container as an example, the volume of total blocks is determined based on a given inclusion content and
container volume. By referring to the inverse transform sampling (ITS) method proposed in the authors’ previous research [20], the
volume of each irregular inclusion is obtained. Then, the chosen inclusions are scaled accordingly.

The obtained inclusions are then allowed to pile up under the force of gravity and form a random packing using the proposed SDF-
DEM approach. With another scaling factor, blocks are enlarged and rebalanced until the height of block packing reaches the top of a
container.

After obtaining inclusion packing, each inclusion is shrunk by the same scaling factor while retaining the inclusion centroid to
approach the desired inclusion content. In this way, the orientations and spatial distributions of blocks are determined by gravity and
friction, similar to those of natural heterogeneous geomaterials. Seven examples of established models are presented in Fig. 5. Het-
erogeneous geomaterials that contain many block inclusion (such as 60 % and 70 %) are obtained effectively and efficiently through
this approach.
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2.3. Generation of the FDEM numerical model using cohesive elements

(1) Integration of cohesive elements with finite element meshes.

To trace the fracturing and interface behaviours of heterogeneous geomaterials, zero-thickness cohesive elements are employed to
generate a coupled numerical model; this is achieved by integrating them into finite element meshes. One simple example consisting of
three tetrahedral elements is illustrated in Fig. 6(a). There are three shared inner faces among the solid elements. The shared faces are
considered potential fracture paths, which should be identified and inserted with cohesive elements in the proposed FDEM model.
Thus, crack initiation and propagation in the continuum is simulated through cohesive element breaking. The basic strategy of
cohesive element generation is to replicate and renumber element nodes on the shared faces (i.e., nodes 1-5 in Fig. 6(a)) but retain
their original coordinates. Taking Node 4 in Fig. 6(a) for instance, Node 4 is replicated and replaced by Nodes 13-15, but Nodes 13-15
share the same coordinate as Node 4. Node replication times are determined by the number of connected elements. The same pro-
cedure is conducted for the remaining nodes on the shared element faces. Then, cohesive elements are generated using the newly
updated nodes. Taking element D in Fig. 6 as an example, it is composed of node sequence 6-13-8-7-14-9. Since node pairs share the
same coordinates, generated cohesive elements also have zero thickness. The thickness of the cohesive elements in Fig. 6 is exaggerated
for clarity. No triangle gap exists among the nodes 13-15 at the very beginning, while the gap would be formed with the fracturing
process.

However, with increasing numbers of nodes and elements, updating node and element numbers becomes quite complicated and
challenging. To efficiently accomplish this updating process in Abaqus, a Python script is developed; the details are provided in Lin
etal. [17,21].

(2) Deformation transition between cohesive elements and solid elements

Initially, the top surface of a cohesive element overlaps with the bottom surface, as shown in Fig. 6(b). With increasing external
loading and deformation of adjacent elements, the top and bottom surfaces are no longer coincident with each other, resulting in
deformations of the cohesive element. The displacement vector § at one node pair is expressed as:

S=u'—u (6)

t J
where u} is the node displacement on the top surface and u; is the node displacement on the bottom surface.
To analyse the mechanical responses of cohesive elements, the displacement vector should be decomposed into both normal and
tangential directions within the cohesive element, as illustrated in Fig. 6(b). To obtain the normal direction of the cohesive element, a
mid-surface is defined and computed by averaging the coordinates of the node pairs forming the bottom and top surfaces of the

cohesive elements. Then, the normal direction is obtained as the cross-product of two tangent directions. Thus, the normal opening
amount Sy and tangential slippage amount &7 in the cohesive element are expressed as:

5}\/:(3"’1
{57':5'[ (7)

where n and t are normal and tangential directions within a cohesive element.
Then, the mechanical and damage responses of the cohesive elements follow the constitutive cohesive zone model.
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(3) A combined cohesive zone model

Previous studies have shown that the mode-II fracture toughness of limestone is sensitive to the confining pressure. The mode-II
fracture toughness increases from 1.78 MPa-m to 14.49 MPa-m with an increase in the confining pressure from 0.1 to 40 MPa
[46,44,36,35,36]. However, the shear strength and fracture energy of a cohesive element remain constant when it is under
compression in the conventional model. To consider the shear-hardening behaviours of geo-materials (especially for those under high
confining pressure), the new cohesive zone model is developed in this study, which is illustrated in Fig. 7.

Since the Mohr-Coulomb criterion is widely accepted as an effective method to describe shear hardening behaviours, it is employed
to predict the shear strength. When normal stresso, < 0, the relation between the shear strength and compression stress of a cohesive
element is assumed to follow:

7 =1"+|o,|tang i =1, 2 )

where o, is the normal stress, ¢ is the friction angle, 7° is the original shear strength when o, equals zero, and 7} represents the
hardening strength in the shear direction.

Then, the shear opening and fracture displacement (i.e., 5/ and 52}“’ in Fig. 7) are defined to obtain a complete constitutive model
under the compression state. According to previous experiments on geomaterials, the shear opening and fracture displacement of
geomaterials are much less sensitive to the confining pressure than the shear strength (Yin et al., 2021) [24]. It is acceptable to set them
as constants against various confining pressures (Fig. 7), as adopted extensively in published research [46] (Wang et al., 2021). Thus,

the fracture toughness G, .. and stiffness ki, in the shear direction are presented as:

(7] + loa| x (tang) ) Gl
7

Ko = (1 i o] x (Emnﬁb)) « K
T

shear
1

G =

shear

i=1,2 )

where G, and ki9, are the original fracture toughness and stiffness in the shear direction when 6, equals zero.

Foro, > 0, Benzeggagh and Kenane [2] (1996) proposed a classic expression for the mixed critical energy release rateGx, which is:

G "
Guix =G+ (G™  —G)) x [ = 10
1+ ( shear 1) (GS + Gn> (10
where Gr and G;’;gar are the pure mode fracture toughness values under tensile and shear stress, respectively. Note thatG;','gar = Gy +

G. Gy, and Gg are the tensile and shear fracture toughness in mixed mode, as shown in Fig. 7.
Regarding the criterion for delamination initiation, Turon et al. [30] proposed a criterion that evolves the propagation criterion and
the damage evolution law:

@) + @) + (@) = () + ()~ (@) an
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Fig. 9. FDEM model for heterogeneous geomaterials with various inclusion fractions.

where (T?hear)z = (rll)2 + (112)2,3'7 = G;/(G;s + G,), which was calculated by:

2
_ ﬂz 7/} _ ‘thear (12)
1 + zﬂ - zﬂ 5shear + 5n

where Sgeqr and &, are the shear and normal displacements anddgpeqr = ‘/681 + 652.

Based on Equation (13), the mixed-mode onset displacement &, and stiffness kn; are determined as follows:

=y 0+ (030)° = (37 a3)

kmix = kn(l - B) + kshear X B

On this basis, the mixed-mode behaviours of cohesive elements (¢, > 0) are determined. The combined shear hardening consti-
tutive model is presented in Fig. 7.

When a cohesive element completely degrades, the cohesive element is deleted to introduce true cracks in the sample domain. Since
the bottom and top surfaces of a cohesive element share the same surfaces of a neighbouring element, the shared surfaces are reactive if
the cohesive element fails. Then, the active surfaces are included in the general contact definition, which adopts the classic Coulomb
friction model. Then, a user-defined subroutine that defines constitutive law (i.e., VUMAT) is developed to implement the constitutive
law of the established combined cohesive zone model in the Abaqus/Explicit solver. A brief introduction to the VUMAT programming
process is presented in Appendix A. Finally, a novel and systematic approach for modeling heterogeneous geomaterials with
controllable internal structures is established by integrating the above methodologies, as shown in Fig. 8.

3. Validation of the CWSVM-based reconstruction approach and FDEM numerical method
3.1. Validation of the proposed CWSVM

In this section, the reconstructed surface morphology of inclusions using the CWSVM is examined through geometry analysis. The
aspect ratio and roundness of reconstructed inclusion surfaces are used as critical indices to evaluate the efficiency of the proposed
CWSVM. The calculation method of the aspect ratio and roundness are given in the author’s previous work [20]. In addition, to
demonstrate the advances of the proposed CWSVM, another group of inclusion morphologies is reconstructed directly through random
sampling points on the inclusion morphology, as shown in Fig. 9.

The relative errors of the aspect ratio and roundness are obtained by comparing the reconstructed inclusion morphology with the
original morphology obtained from 3D laser scanning for both groups. The results are illustrated in Fig. 10, wherein five different rock
blocks have been tested. The relative errors of both the aspect ratio and roundness decrease notably with the increasing number of
sampling points. In each case, the inclusion morphologies reconstructed using the proposed CWSVM are generally closer than those

10
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Table 1

Mechanical parameters of the experiments and numerical models.

Engineering Fracture Mechanics 282 (2023) 109171

Mechanical parameters Rocks Matrix Cohesive elements
Matrix Interface

Elastic modulus (MPa) 20,000 6.6 — —
Poisson’s ratio 0.22 0.3 — —
Friction angle (°) — 16 — —
Cohesion(kPa) — 60 — —
Tensile stiffness (GPa/m) — — 700 400
Shear stiffness (GPa/m) — — 160 100
Tensile strength (kPa) — — 20 16
Shear strength (kPa) — — 65 50
Shearing opening (mm) — — 0.85 0.7
Fractured displacement (mm) — — 1.45 1.1
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obtained directly from the random method to the original inclusion morphology. When the sampling number decreases from 500 to
200, the inclusion morphologies reconstructed using the proposed CWSVM are still closer than those generated using the random
method (which varied significantly) to the original inclusion morphology. In addition, comparing the relative errors in Fig. 10 (a) and
(b) shows that the roundness is much more sensitive than the aspect ratio to changes in the number of sampling points. It is inferred
that the curvature-weighted reconstruction strategy is necessary and effective.
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: Inclusion content 35% [

Fig. 14. Comparison of numerical results and experimental results (Wang et al., 2018a).

The comparisons of element numbers between the two methods are presented in Fig. 11. The element number ratio represents the
element number obtained from the random method divided by that obtained from the CWSVM. As the sampling number is greater than
500, the element numbers generated by the two methods are rather similar. The element number ratios are less than 1.1. However,
when the sampling number is less than 500, the element number generated by the random method is almost twice of that generated by
the proposed method. This indicates that many more elements are needed when using the random reconstruction method to approach
the same shape representation accuracy as that of the CWSVM method proposed in this study. Since hundreds of particles must be
generated during the numerical analysis, the random method would lead to much lower calculation efficiency than the proposed
CWSVM, which can reduce the number of mesh elements and thus improve the computational efficiency.

Next, ten groups of numerical uniaxial compression tests are conducted on cylindrical specimens (50 mm x 100 mm) using these
various irregular inclusions with a consistent gradation and an inclusion content of 35 %. The mechanical parameters of the numerical
model are listed in Table 1. A comparison of the uniaxial compression strength (UCS) between the two kinds of reconstruction stra-
tegies is presented in Fig. 12. The compression strength decreases notably with the increasing number of sampling points. The rate of
decrease tends to be stable when the sampling number exceeds 200. Based on previous research, increasing the roundness and aspect
ratio of block inclusions notably improves the mechanical strength of heterogeneous geomaterials. It is inferred that using an over-
simplified inclusion morphology leads to an overestimation of the mechanical strength of heterogeneous geomaterials, as the
roundness and aspect ratio increase significantly in these cases. However, using the proposed reconstruction strategy, the over-
estimation issue is largely mitigated. The average relative errors of compression strength are within 10 % even when the number of
sampling points is reduced to 200, which is much less than the errors obtained from reconstructions generated by the random method.

The mesh element number and computational cost of the proposed CWSVM reconstruction strategy using various sampling points
are presented in Fig. 13. The mesh quantity represents the total element number of the rock block divided by the element number
generated using the proposed CWSVM method with 100 points. For each number of points, five groups of mesh quantities and
calculation costs are investigated. With the increase in the number of sampling points, both the mesh quantity and calculation time
improve notably, especially when the sampling number exceeds 200. Using limited sampling points to reconstruct the inclusion surface
but retain critical shape features significantly reduces mesh quantity and calculation costs while retaining calculation accuracy. The
results indicate that the proposed CWSVM can be used as an effective tool to balance the efficiency and accuracy of the hybrid nu-
merical model.

3.2. Comparison with experimental results in available research

To further validate the accuracy of the proposed FDEM approach, comparisons between FDEM modelling and experimental results
are conducted. Wang et al. [33] conducted a systematic study on composite geomaterials with various contents of included coarse
grains. They performed triaxial compression tests on fabricated specimens with the drainage value open. For each kind of specimen,
shearing at a constant axial strain rate of 0.5 mm/min was conducted. The tests ended after the axial strain reached 15 %, at which
point failure occurred. Three kinds of specimens with 0 %, 10 %, and 35 % inclusion contents from their study are illustrated in Fig. 14
after shearing at a confining pressure of 30 kPa. In the present study, corresponding numerical models of consistent inclusion contents

13
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Fig. 15. Stress state of cohesive elements at interfaces.

are developed, and numerical triaxial compression tests are conducted on the specimens with loading conditions the same as those in
the laboratory experiments of references [32,39]. The results for both the physical and mechanical parameters from the experiments
and numerical models are illustrated in Table 1. Some basic mechanical parameters, such as cohesion and friction angle, are directly
obtained from the literature [32,39]. In addition, stress—strain curves of specimens with 0 % inclusion contents from the literature
[32,39] are employed to calibrate the mechanical parameters of the matrix. Notably, a series of trial and error efforts are conducted to
calibrate the mechanical parameters of the interfaces. Details are available in the authors’ previous research [20,21]. Since the me-
chanical strength of hard inclusions is significantly greater than that of the matrix, it is unlikely that hard inclusions fracture during
triaxial compression tests at low confining pressures. Thus, the hard inclusions in the numerical models are considered homogeneous
and elastic.

The failure characteristics of the numerical and experimental results are compared in Fig. 14. A clear shearing band and limited
dilatancy are observed for both numerical and experimental specimens with an inclusion content of 0 %. As the inclusion content
increases to 10 %, dilatancy becomes more pronounced. Additionally, various fracture paths are observed on the surface of the nu-
merical specimen. With a further increase in the inclusion content, the failed specimen expands notably in the radial direction in both
the numerical and experimental results. Fracture paths are much more disordered and irregular compared to that of the specimen with
no inclusion. It is inferred that randomly distributed hard inclusions significantly block and change the stress transfer and fracture
processes, which leads to distinctive mechanical behaviours. Overall, the good agreement of the numerical and experimental results
indicates the capability of the proposed method for modelling the fracturing behaviours of heterogeneous geomaterials.

Since interfaces are the most vulnerable components in heterogeneous geomaterials, the most cohesive elements on the interface
are the first to reach the failure criterion during the compression process, as shown in Fig. 15, wherein the SDEG represents the scalar
stiffness degradation. The stress states of unit cohesive elements that are about to fracture are presented on the left in Fig. 15. Unlike
the traditional shearing criterion (red dashed line in Fig. 15), the shearing stress grows almost linearly as the normal stress increases. In
addition, the stress state for each unit cohesive element is well controlled within the defined shear hardening criterion. This indicates
that the developed VUMAT program works effectively for compression analysis.

The mechanical strength of heterogeneous geomaterials is predicted using the proposed method. A comparison of the mechanical
strengths between the numerical and experimental results with various confining pressures is presented in Fig. 16. As shown in Fig. 16
(a), the stress-strain curves were similar between the experimental and numerical results in general, particularly for the elastic
portions. Notable increases in compression strength are observed with increasing inclusion contents. The post-peak behaviours for all
inclusion contents were observed as ductile and strain softening. The comparison of mechanical strength is presented in Fig. 16(b).
With increasing confining pressure and inclusion content, compression strength grows up non-linearly in both numerical and
experimental results, as shown in Fig. 16(b). Notably, the experimental results are slightly higher than the numerical test results. It may
be caused by the inconsistency of the grain size distribution in the numerical model, since tiny block inclusions are not considered, and
they are homogenized into the matrix following previous research [64]. However, in general, the numerical results share similar
evolution trends with the experimental tests. The effects of the confining pressure and inclusion content on the mechanical strengths of
heterogeneous geomaterials are well simulated, which validates the effectiveness of the proposed hybrid numerical method.

4. Effects of interface strength on mechanical and fracturing behaviours
As mentioned in Section 3.2, the interfaces between the matrix and inclusions are the most sensitive components of heterogeneous
geomaterials. Interface strength imposes significant influences on mechanical properties and interactions among internal components,

especially for those with cemented matrices, such as frozen gravelly soil, volcanic rocks, and breccia. To ensure the safety of engi-
neering activities, it is critical to understand their mechanical and fracturing characteristics with full consideration of their internal
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Fig. 16. Comparison between numerical and experimental results.

Table 2

Mechanical parameters of the numerical models.
Mechanical parameters Rocks Matrix Cohesive elements

Matrix Rocks

Elastic modulus (MPa) 35,000 6000 — —
Poisson’s ratio 0.22 0.3 — —
Friction angle (°) — 32 — —
Tensile stiffness (GPa/m) — — 3500 25,000
Shear stiffness (GPa/m) — — 800 8000
Tensile strength (kPa) — — 1.5 3.5
Shear strength (kPa) — — 2.5 12
Mode-I fracture energy (N/m) — — 85 150
Mode-II fracture energy (N/m) — — 140 300

structure and interface behaviours. Therefore, in this section, a series of sensitivity analyses are conducted to quantitatively investigate
the interface effects on the mechanical and fracturing responses of these heterogeneous geomaterials with cemented matrices.
A total of 28 groups of hybrid numerical models that consider various interface strengths (20 %~140 % of the matrix strength) and
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inclusion contents (10 %~70 %) are generated using the method proposed in Section 2. Results in Fig. 16 indicate that the effects of
various spatial distributions of rock blocks are limited. Therefore, two specimens are generated for each group during sensitivity
analyses considering both modeling accuracy and computational costs. Cylindrical specimens for numerical compression tests are
prepared with a height of 100 mm and a diameter of 50 mm. The mechanical properties of each component are from relevant research
that considered interface effects and a cemented matrix [20]. The details of the mechanical parameters are presented in Table 2.
Triaxial compression tests are conducted on the fabricated specimens with various confining pressures from 0 MPa to 1 MPa. Cohesive
elements are integrated into the matrix, inclusions, and interfaces to record the fracturing behaviours for each component.

4.1. Effects of interface strength on mechanical behaviour

(1) Effects on mechanical strength

For each interface strength and confining pressure, the evolution characteristic of compression strength versus inclusion content is
depicted in Fig. 17. An unusual evolution trend of compression strength is observed when the interface is rather weak, i.e., 20 % of the
matrix strength. As shown in Fig. 17(a), the compression strength shows a notable decrease with increasing inclusion content when the
confining pressure is less than 0.5 MPa. When the confining pressure is increased to 1 MPa, the descending trend of the compression
strength reverses when the inclusion content exceeds 40 %. This indicates that the increase in hard inclusions does not always benefit
the mechanical properties of heterogeneous geomaterials. When the bounded states between the inclusions and matrix are quite weak,
an increase in inclusions introduces a considerable number of weak interfaces. In this case, increasing weak interfaces offer many
potential fracture paths during compression, which leads to less compression strength. The same behaviour is also found in the
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experimental research on frozen gravelly soils conducted by Zhao et al. (2019). As the interface between gravel and frozen soils is
composed of thin and smooth ice layers, the interface strength is much less than that of both frozen soils and gravelly inclusions. A
comparison of the numerical results and the experimental results (Zhao et al., 2019) is presented in Fig. 18. Similar evolution trends
prove the rationality of the numerical results. However, with increasing confining pressure and inclusion content, the positive effects of
hard inclusions become pronounced again despite poorly bonded interfaces, which improves mechanical strength.

When the interface strength reaches 60 % of the matrix strength, the uniaxial compression strength fluctuates with increasing
inclusion content, whereas the triaxial compression strength shows increasing trends with increasing inclusion content. It is inferred
that increasing the interface strength can notably help in taking advantage of the mechanical strength of hard inclusions. With further
increases in the interface strength, consistent and notable increasing trends are observed with increasing inclusion content, which is
consistent with the conclusions and findings in most available studies [63,31]. The compression strength grows much more slowly
when the inclusion content exceeds 50 %. It is inferred that there are interlocking effects among irregular inclusions when the inclusion
content reaches 50 %, the mechanical enhancements by hard inclusions are apparent in these cases.

(2) Effects of interface strength on cohesion and internal friction angle

The cohesion and friction angle are considered fundamental parameters that govern the shear behaviours of geomaterials. The
influences of the inclusion content on the shear behaviours of heterogeneous geomaterials have been investigated extensively in
previous research. However, the effects of interface strength were not considered in the available studies. Based on the proposed
numerical model, the effects of interface strength on shear parameters are further investigated. The results are illustrated in Fig. 19 and
Fig. 20. A notable decreasing trend of the internal frictional angle is observed with increasing interface strength. It is inferred that
increasing the confining pressure effectively improves the mechanical strength of heterogeneous geomaterials when the interface is
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Fig. 23. Evolution of fracturing.

relatively vulnerable. Regarding cohesion, consistent increasing trends are observed as the interface strength increases.

Fig. 21 and Fig. 22 show the development of cohesion and internal frictional angle as the inclusion content increases. For each
interface strength, a similar and consistent growth trend of the internal friction angle is observed. It is inferred that a larger content of
hard inclusions corresponds to greater sensitivity to confining pressure. However, the evolution of cohesion differs at different
interface strengths. When the interface strength is less than 60 % of that of the matrix, cohesion decays notably with increasing
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Fig. 24. Evolution of failure proportions versus inclusion contents at various interface strengths and confining pressures.
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Fig. 25. Evolution of shear failure proportions versus inclusion content at various interface strengths and confining pressures.

inclusion content, especially for the cases with the least interface strength. This confirms that hard inclusions do not inevitably benefit
the mechanical strength of heterogeneous geomaterials. Nevertheless, when the interface strength reaches that of the matrix, no clear
trend is observed between cohesion and the inclusion content.

4.2. Effects of interface strength on fracturing behaviour

Cohesive elements are inserted and used to trace and record every minor fracture of numerical specimens during the compressive
process, as shown in Fig. 23. The fracturing behaviour of each component of the specimen with an inclusion content of 50 % and a
confining pressure of 1 MPa are presented in Fig. 23. Comparing the fracture patterns in Fig. 23 (a) and Fig. 23 (c) shows that fractures
become intensive in the regions near the interface. Multiple shearing paths are found in the matrix, and they propagate forward along
the hard inclusions. Obvious dilatation behaviour is observed due to the blocking effects of hard inclusions. Fractures are also present
in the hard inclusions owing to the high confining pressure.

To further investigate and understand the micromechanical behaviours of heterogeneous geomaterials, the numbers and pro-
portions of failed cohesive elements in the matrix, inclusions, and interfaces are counted, as illustrated in Fig. 24. Statistics show that
most failures occur in the matrix and at interfaces. The total proportion of failed elements decreases with increasing inclusion content
in general since the proportion of the matrix component decreases significantly. However, the proportions of failed elements in
different components (i.e., matrix, inclusions, and interfaces) among the total number of failed elements change obviously with
different interface strengths.

When the interface strength is only 20 % of the matrix strength, the proportion of failures at the interfaces increases significantly
with increasing inclusion content. According to the statistics in Fig. 24, almost all interface elements fail under this condition due to
their low mechanical strength, whereas failure is rare in inclusions. Fig. 24 (a) shows that the failure of elements at interfaces accounts
for over 50 % of the total number of failed elements when the inclusion content exceeds 50 %. In these situations, increasing the
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number of weak interfaces offers multiple potential fracture paths and dominates the mechanical and fracturing behaviours of het-
erogeneous geomaterials, which leads to less compression strength. However, when the confining pressure is raised to 1 MPa, the
proportion of failures of cohesive elements in inclusions increases notably (as shown in Fig. 24 (a)), especially when the inclusion
content exceeds 50 %, which consequently improves the compression strength. These changes in the failure proportions in different
components explain the internal mechanism of the reversal in the trends of the compression strength in Fig. 18(a).

A comparison of the failure proportions in Fig. 24 (a) and Fig. 24 (c) suggests that the total proportion of failed elements, the
proportion of failed elements in the matrix, and the proportion of failed elements in inclusions increase obviously with increasing
interface strength, whereas the proportion of failed element on interfaces decreases. It is inferred that increasing the interface strength
helps to transfer external forces from the matrix to the inclusions. The increase in the proportion of failed elements in inclusions
indicates that hard inclusions share a considerable part of the external forces, which contributes to the improvement in the mechanical
strength of heterogeneous geomaterials. It is also noticed that the rate of decrease of the total proportion of failed elements is much
more gradual with increasing inclusion content in Fig. 24 (b) and (c) compared with that in Fig. 24 (a). Thus, increasing the interface
strength can cause discrete inclusions in the matrix to bear higher compression stress more effectively.

To further understand the mechanism that changes the mechanical properties of heterogeneous geomaterials, the failed cohesive
elements that are mainly caused by shearing (i.e., fracture model II) are counted. The criterion that determines the failure type of a
cohesive element is as follows:

22



Y. Lin et al. Engineering Fracture Mechanics 282 (2023) 109171

Table Al
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where Dy, represents the mode mix ratio during damage evolution, which varies from 0 to 1. The failure of a cohesive element is
defined as a shear failure when D, is greater than 0.5; otherwise, it is considered a tensile failure.

The ratio of the number of element that undergoes shear failure to the total number of failed elements is presented in Fig. 25. As
shown in Fig. 25 (a), shear failure is a prevalent failure mode for each test group. Notably, increasing the interface strength and
confining pressure improves the proportion of shear failure. However, a consistently decreasing trend of the shear proportion is found
as the inclusion content increases for both the confined and unconfined groups, as shown in Fig. 25(b). According to the statistics of the
tensile failure proportion in Fig. 26, the decreasing shearing failure proportion may be caused by the increasing tensile failure pro-
portion in the matrix. Notably, tensile failure consists of over 30 % of the total failure in the inclusions and interfaces, as shown in
Fig. 26(a). This indicates that tensile failure is also an important constituent of the failure mode in inclusions and interfaces. In
addition, typical fracture patterns of irregular inclusions are presented in Fig. 26(b). Both large aspect ratios and sharp corners cause
the tensile failure of inclusions during the compression process with high confining pressure. Thus, the tensile strength of hard in-
clusions is also a crucial parameter in determining the mechanical strengths of heterogeneous geomaterials.

5. Conclusions

A FDEM-based numerical method is developed to simulate the mechanical and fracturing behaviours of heterogeneous geo-
materials with irregular inclusions. A computational geometry method, CWSVM, is developed to control the mesh quantity and quality
of the raw inclusion morphology obtained from 3D scanning techniques. On this basis, the signed-distance-field-based discrete element
method (SDF-DEM) is employed to model the natural spatial distribution of inclusions and large contents of inclusions. For the
modelling of the fracturing process, a finite-discrete element model is developed by integrating cohesive elements into the mesh. In
addition, a combined constitutive model is proposed to consider the shear-hardening behaviour of the cohesive elements. Then, the
proposed numerical approach is verified through comparison with experimental results including shape characteristics and me-
chanical behaviour. Finally, the effects of interface strength on mechanical and fracturing behaviours are systematically investigated
using the validated method. The following conclusions are drawn:
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The proposed CWSVM-based surface reconstruction approach can effectively refine the inclusion geometry while retaining the
main shape characteristics. Both mesh quantity and quality can be well controlled by the CWSVM. The SDF-DEM-based inclusion
allocation algorithm is capable of generating stochastic numerical models effectively and efficiently, especially for cases with large
fractions of inclusions.

The proposed FDEM model is validated by comparing the simulated mechanical and fracturing behaviours of inclusion-containing
materials with experimental results. The numerical results agree well with the experimental results for the cases with various inclusion
contents. Satisfactory calculation accuracy is achieved using the proposed FDEM model with much less computational time and lower
cost than other methods.

The interface is a critical component that determines the mechanical properties of heterogeneous geomaterials. When the interfaces
between the inclusions and the matrix are appropriately bonded, the mechanical properties are generally improved with increasing
content of inclusions. However, the opposite trends are observed when the interface strength is less than 60 % of the matrix strength. In
addition, cohesion and internal friction show opposite development trends as the interface strength increases.

Increasing the interface strength significantly improves the proportion of failures in hard inclusions, especially in cases of high
confining pressures and inclusion fractions. In addition, a considerable proportion of failures at inclusions and interfaces are caused by
tensile stress, which indicates that the tensile strength of hard inclusions is a critical parameter that determines the mechanical
properties of inclusion-containing materials.
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